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ABSTRACT
The measurement of angular diameter distance to galaxy clusters, through combined Sunyaev-
Zel’dovich (SZ) effect data with X-ray emission observations, is now a well-known probe of cosmology.
Using a combination of SZ data and a map of the lensed CMB anisotropies by the galaxy cluster poten-
tial, we propose an alternative geometric technique to measure distance information primarily through
cluster related multi-frequency CMB measurements. We discuss necessary requirements to implement
this measurement, potential errors including systematic biases, and the extent to which cosmological
parameters can be extracted. While individual cluster distances are not likely to be precise, with up-
coming subarcminute resolution wide-area CMB observations, useful information on certain cosmological
parameters, such as the equation of state of dark energy, can be obtained from a large sample of galaxy
clusters.
Subject headings: cosmology:theory — large scale structure of the universe — gravitational lensing
—cosmic microwave background
1. INTRODUCTION
The measurement of distances to standard, or standard-
izable, candles and/or rulers at a known redshift provides a
well-known probe of physical cosmology (see, Peebles 1993
for a review). The well utilized techniques, so far, include
luminosity distance to Type Ia supernovae (e.g., Riess et
al 1998, Perlmutter et al 1999), angular diameter distance
to horizon size at the last scattering (e.g., Kamionkowski
et al 1994), time delay between gravitationally-lensed im-
ages (e.g., Refsdal 1994), and information from clusters re-
lated to the Sunyave-Zel’dovich (SZ; Sunyaev & Zel’dovich
1980) effect combined with X-ray emission observations
(e.g., Reese et al 2002), among others. Here, we pro-
pose an additional geometric test related to galaxy cluster
CMB data involving maps of the SZ effect and lensed CMB
anisotropies.
The proposed technique makes use of the fact that the
background source, primordial CMB anisotropy, lensed by
a foreground cluster has well-known properties, including
the distance to the last scattering surface where the source
is located. This is significant given that most lensing stud-
ies based on source ellipticities or flux measurements, such
as mass reconstruction of galaxy clusters via weak lensing
shear, is affected by the unknown redshift distribution of
the lensed background galaxy population. Given a map
of the lensed CMB anisotropy distribution, the technique
allows one to extract cosmological information to the ac-
curacy that the foreground mass distribution is known a
priori. While this has, traditionally, come from lensing
studies at optical wavelengths, we suggest, in principle,
that the cluster SZ map can be used as a estimator of the
mass distribution under certain assumptions on how the
gas mass, which contributes to the SZ effect, is related to
the total matter responsible for lensing.
The use of SZ and lensed CMB data is motivated by the
fact that in the near future, with instruments such as the
South Pole Telescope (SPT), and in the long term, with
missions such as the CMBpol, one expects large catalogs
of arcminute scale CMB data related to galaxy clusters. In
the case of multi-frequency CMB data, the cluster SZ effect
can be separated based on its unique frequency spectrum
relative to the thermal CMB.When the dominant SZ effect
is frequency-separated, the anisotropy towards an individ-
ual cluster is likely to contain two sources of importance:
the SZ kinetic effect resulting from the peculiar velocity of
the galaxy cluster along the line of sight and the lensing
effect (Seljak & Zaldarriaga 2000). The two effects have
distinct spatial distributions while the frequency-cleaned
cluster SZ map provides a filter to remove the kinematic
SZ contribution. This is due to the fact the two SZ effects
are expected have the same spatial distribution as they
both trace the electron density field. When removed, the
kinematic SZ data provide a measure of large scale bulk
flows and a separate measure of cosmology (Peel & Knox
2002). Here, we address cosmological uses of the combined
SZ and lensed CMB maps of a cluster and extend that to
a sample of clusters. While an individual cluster distance
measured from the SZ/lensing method is unlikely to be
statistically significant, for a large sample of galaxy cluster
(∼ 104), we show that one can obtain detailed information
related to cosmology.
The discussion is organized as follows. In the next Sec-
tion, we discuss important aspects related to the proposed
test and practical considerations related to how well the
technique can be implemented in future data. In Section 3,
we discuss cosmological measurements and conclude with
a summary.
2. COSMOLOGICAL INFORMATION VIA SZ AND LENSING
The SZ effect measures the total integrated pressure
along the line of sight through the cluster:
SZ(θ) = g(x)
σT
mec2
∫
dℓ pe(θdL, ℓ) (1)
where pe(R, z) is the pressure profile, where R = θdL is the
projected distance from the cluster center, at a distance
of dL, and ℓ is the line of sight distance. The SZ effect,
as is now well-known, is frequency dependent through the
spectrum, relative to the CMB blackbody spectrum, given
1
2Fig. 1.— The SZ (a) and lensed CMB (b) maps of a 5 × 1014 M⊙ galaxy cluster at a redshift of 0.5. The coordinates in x and y axis
are distances from the cluster center in terms of the scale radius while the z-axis is temperature fluctuations in units of µK. The SZ profile
is calculated under the assumption that the gas distribution is in hydrostatic equilibrium with the dark matter distribution. In (c), we show
the difference between the lensed CMB map (b) and the prediction based on an estimator of the total mass that make use of the SZ profile
in (a). The difference is minor when one compares at a large radius from the cluster center (
∼
< 0.1 µK), while departures of order 0.5 µK
are observed near the cluster center. This is due to the fact that the cluster gas profile flattens near the inner regions of the cluster, when
compared to the dark matter distribution.
by g(x) = x coth(x/2) − 4, where x = hν/kTCMB. This
frequency dependence is important since it allows the SZ
effect to be safely separated from both sources of interest,
such as the kinetic SZ effect and lensed CMB anisotropies,
and confusions. The area integral of the frequency cleaned
SZ map provides an estimator of the gas mass enclosed
within the angular radius, weighted by the spatially aver-
aged temperature distribution of electrons:
Mˆgas(θ) =
mempµec
2
σT
d2L
kB T˜e
∫ θ
0
d2θ′SZ(θ′) , (2)
where µe is the electron fraction in the cluster and T˜e is
the average electron temperature. The factor d2L, where
dL is the cluster distance, comes from the conversion of
physical distances to angular units.
Due to a variety of reasons, including the detection of in-
flationary gravitational wave signature in CMB data (Kes-
den et al 2002, Knox & Song 2002), there is now a signif-
icant attempt to understand the gravitational lensing ef-
fect on CMB anisotropies. Since surface brightness is con-
served, the lensing effect on CMB is simply a modification
to the photon distribution on the sky. In general, through
a geometric factor related to the background source dis-
tance (dS), in our case CMB at the last scattering surface,
and the distance to the foreground lens (dL), which in this
case is a galaxy cluster, the amplitude of the gravitational
lensing effect depends on the background cosmology. For
the lensed-CMB case, angular deflections of the CMB pho-
tons lead to a modification to the large scale CMB gradient
such that
∆Tlens(θ) = ∇(∆Tprim) cosφ
4G
c2
dLS
dSdLθ
Mdm(θ) , (3)
where the effect is now sensitive to the total enclosed mass,
which we take to be due to the dark matter distribu-
tion, and cosφ is the position angle with respect to the
large scale CMB gradient, ∇(∆Tprim) (Seljak & Zaldar-
riaga 2000, Dodelson & Starkman 2003). Here, dLS is
the distance between cluster and the background source.
Equation (2) states that when ∆Tlens(θ) is measured, and
Mdm(θ) is either known or also measured independently,
information related to cosmology can be extracted from
the geometric parameter related to distances. This is pos-
sible due to two reasons: ∇(∆Tprim) cosφ, is essentially
known with a high signal-to-noise ratio from a map of the
large scale CMB temperature fluctuations, such as from
WMAP or Planck, while dS is also known from first prin-
ciples and measurable from the CMB anisotropy angular
power spectrum.
While Mdm(θ) can be obtained from a variety of ob-
servational methods, such as lensing studies at optical
wavelengths based on background galaxy ellipticities and
magnifications or estimates based on the X-ray emission,
we consider CMB related estimates of mass. This is mo-
tivated by the wealth of CMB related data expected in
the near future with arcminute-scale CMB experiments,
both from ground (SPT) and space (CMBpol). The SZ
effect allows a reliable estimate of the dark matter dis-
tribution under certain assumptions: the simplest is to
assume that the gas-to-total mass ratio traces that of the
global baryon fractions such that Mdm(θ) = η
−1Mgas(θ)
where η = Ωb/Ωm. While we do not consider in detail,
one can potentially improve this assumption further based
on numerical simulations. When SZ maps are used as an
estimator of the enclosed dark matter mass, the cosmo-
logical information comes from the combined parameter
f(z) ≡ dLSdl/dS Ωm/Ωb.
When SZ data are used, note that we also need infor-
mation related to T˜e, average electron temperature, for
individual clusters. While this can potentially come from
X-ray observations, say, from wide field catalogs such as
those expected from the proposed Dark Universe Explorer
Telescope (DUET), the SZ spectrum can be used to ex-
tract an average value of the gas temperature based on
the relativistic corrections to the SZ effect (Pointecouteau
et al 1998). This determination is best, at the level of 10%
to 15% with Planck, for massive clusters where the elec-
tron temperature is high (> 5 keV), and these are the same
clusters where the lensing effect is expected to dominate.
For a large sample of clusters, another approach would be
to potentially calibrate some relation between T˜e and the
3SZ effect and use such relations (Cooray 1999, McCarthy
et al 2003), combined with lensed CMB observations, to
constrain cosmological parameters.
In Fig. 1, we illustrate the expected profile of the SZ ef-
fect (a) and the lensed CMB (b) towards a galaxy cluster.
To calculate these maps, we make use of the NFW profile
of Navarro et al. (1996) to describe the dark matter distri-
bution. We assume that the gas distribution is in hydro-
static equilibrium with the cluster potential. This allows
us to calculate the pressure profile related to the SZ effect
following Komatsu & Seljak (2001). In Fig. 1(c), we show
the difference between the lensed CMB map and the one
predicted based on the integrated SZ profile. While the
difference is minor at outer regions of the cluster, we find
substantial differences near the inner part of the cluster.
This is associated with the fact that gas profile does not
trace dark matter distribution in the inner regions due to
additional pressure support. When calculating the lensed
CMB map, to compare with Fig. 1(b), note that we have
scaled the SZ profile by the cluster-averaged value of the
gas temperature instead of using the exact temperature
profile. While improvements to Fig. 1(c) is clearly ex-
pected when the temperature profile is included, we sug-
gest that this is not necessary, at least, in terms of mod-
els we have considered. When one compares at several
scale radii from the cluster center, we also found the dif-
ference with true lens profile and the predicted one to be
below the expected noise levels of upcoming CMB observa-
tions. Note that the SZ/X-ray route to determine cluster
distances require precise temperature information, includ-
ing the profile, since one squares the SZ map to be com-
pared with X-ray data, thus increasing small differences,
and for the reason that temperature profile also enters the
X-ray description. We expect further numerical studies to
address the extent to which biases can be introduced by
representing the temperature distribution with an average
value in the SZ/lensing method.
3. COSMOLOGICAL MEASUREMENTS
Now to understand how well cosmological information
can be extracted, we make use of the expected sample of
galaxy clusters detectable from a SPT-like experiment in
its planned wide field survey of 4000 deg2. These observa-
tions are expected to allow detection of clusters down to a
mass limit of ∼ 3× 1014 M⊙, though we only make use of
the cluster catalog with masses above 5× 1014 M⊙. Since
noise levels and other important experimental aspects are
still not well defined for upcoming observations, in order
to obtain some guidance, we assume a final pixel noise
of 0.5 µK at one arcminute resolution and assume multi-
frequency observations such that the SZ effect is separated
with an increase in the noise associated with the SZ map
by a factor of 2. This is roughly equivalent to an experi-
ment with five channels equally separated from 217 GHz,
which is the SZ null frequency.
With SZ separated, to extract the lensed CMB map,
we remove the kinetic SZ contribution by assuming that
its contribution is simply related to the SZ profile with
an overall amplitude given by the peculiar velocity. This
removal is aided by the fact that the kinetic SZ and
lensed CMB contributions have distinct spatial distribu-
tions. Following Sheth & Diaferio (2001), we assume a
Gaussian distribution for cluster peculiar velocities with a
zero mean, and a variance of 400 km sec−1, consistent with
ΛCDM cosmology, and ignore virial motions within clus-
ters since such motions do not contribute to the kinetic SZ
effect due to cancellations. Any coherent motions, such as
bulk rotations of cluster gas lead to an additional kinetic
SZ related contribution (Cooray & Chen 2002), though, we
ignore such possibilities here since they are expected to be
small, except in certain favored cases. For the lensing ex-
traction, we only make use of the subsample of clusters
where the kinetic SZ signal is at the same level as the
expected lensed CMB contribution and is expected to be
separated with no significant residual noise. Allowing for
some accounting of the fact that the background temper-
ature gradient also varies on the sky, such as clusters that
lie on hot or cold-spots will not show a significant lensing
effect, we found roughly 10% of the cluster catalog will be
useful for the proposed study. For a ground-based survey
of ∼ 10% of the sky (with SPT), this results in catalog of
roughly 103 clusters useful for the proposed study.
The lensed CMB contribution, for the most favorable
clusters, is generally detected with signal-to-noise ratios,
integrated over the whole cluster, at most at the level of
ten. Here, we have ignored contaminants such as radio
point sources and dust since these are likely to be removed
based on frequency information. When the point source
contribution is modeled with counts based on Toffolatti et
al. (1999) models, and assuming point sources above 3-
sigma noise level can be detected and removed, we found
residual noise contributions at the level of 1 µK at 217
GHz, which is at the level of noise in the lensed CMB
map. The main source of worry here is an extra population
of sources that happen to reside in clusters, though, it is
unlikely that such a population dominates at frequencies
such as 217 GHz.
Given a carefully selected subsample of clusters where
one has reconstructed lensed CMB maps, and using SZ
maps as estimates of the gas mass distribution, we now
calculate how well the geometric factor related to distances
can be extracted. For this purpose, we assume that the
background CMB gradient is precisely known. This is a
safe assumption given that experiments like WMAP and
Planck produce high signal-to-noise maps of the large scale
CMB temperature fluctuations. We assume for the sub-
sample of clusters, the average electron temperature of
each cluster, either based on the SZ spectrum, or some
statistical relation between the temperature and the SZ
effect, is known to an accuracy of 10%. With improve-
ments on CMB experimental side, it is likely that this
will be the main limitation for the proposed study. We
illustrate our results in Fig. 2, where we show the func-
tion f(z) and expected errors in its measurement. For
the illustration purposes here, we bin the cluster catalog
assuming that their redshifts are known precisely. For a
given cluster, f(z) is only known to an accuracy of, in gen-
eral, 30% and is usually not better than 15% even in the
most favored case. For a sample of 1000 clusters, binned
in redshift out to a redshift of 2 in 10 bins, we find that
f(z) can be determined to an accuracy of order to ∼ 10%
in low and high redshift bins and at the level of 3% at a
redshift of near unity where cluster counts peak. This can
be compared to the measurement errors on the Type Ia
supernovae luminosity distances expected from the SNAP
4mission, which is at the level of 1% in each redshift bin
of width 0.1. While Fig. 2(a) shows the level expected for
a survey of 4000 deg2, for an all sky survey, as expected
from the CMBpol mission, the useful catalog of clusters
will increase by a factor ∼ 10, and the error on binned
f(z) reconstructed from such data is expected to improve
due to the increase in the cluster sample.
In order to illustrate the extent to which cosmological
measurements can be extracted with reconstructed f(z),
we make use of the Fisher information matrix. We assume
a flat-cosmological model where the dark energy contribu-
tion has an equation of state w and consider the mea-
surement of two parameters related to Ωm and w. In
Fig. 2(b), we show the expected errors and a comparison
to the expected error ellipse on the same parameter plane
from SNAP data. While a SPT-like ground-based survey
provides limited cosmological information from the pro-
posed test, increasing the capability to an all-sky survey,
as expected from the CMBpol mission, one can extract cos-
mological information at the same precision as the SNAP
mission.
To summarize, in the near-future, arcminute scale CMB
surveys are expected to detected many tens of thousands
or more galaxy clusters based on the SZ effect. We suggest
that a subsample of clusters (∼ 10%) will allow useful ex-
traction of information related to the CMB lensing effect
and can be used with SZ data for an additional cosmo-
logical test. The proposed test makes use of the lensing
geometric factor related to lens and source distances to ex-
tract distance information and associated cosmological pa-
rameters. While individual distance measurements are not
significant, for a subsample of preselected clusters, such as
based on the amplitude of ∇(∆Tprim) with respect to the
cluster location, we have shown that precision cosmology
can be achieved.
Unlike distances based on the SZ/X-ray route, the pro-
posed cosmological test is independent of assumptions re-
lated to the cluster shape including asphericity. This can
be understood based on the fact that the effect relies on
the line of sight projected quantities and not a line of
sight projected quantity (SZ effect) combined with vol-
ume integrated emission (X-ray flux). The test, however,
assumes some relation between gas mass and the dark mat-
ter mass of a cluster and the extent to which this can be
achieved should be studied with simulations. Even if not
used for cosmology, we suggest conducting this study in
future data as a way to understand certain astrophysics
related to galaxy clusters.
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